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*» We did discuss the multipole expansion for a classical system

+ We did discuss the perturbation theory method

2 We will now discuss the multipole expansion
for a quantum system. We will conclude it is
identical to the classical case,
except for the role of perturbation theory.

multipole expansion in quantum physics

1) Description of a free nucleus

IIH - In e [)‘:.rm.
H,|I)=E; |I)

separated by keV/MeV
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multipole expansion in quantum physics

2) Description of a free electron cloud
. .
Hv =1 e T U ce

Hc ‘/C“C,) =k,

¥

~~——> unbound

multipole expansion in quantum physics

3) Description of nucleus that is NOT interacting with an electron cloud
(Auo1 + 10 A.)T@v) = (Br + E) I ® )

(somewhat artificial, this is combining
the two independent systems in one
mathematical picture)

multipole expansion in quantum physics

4) Description of a nucleus that is interacting with an electron cloud

Hamittonian: 1n+1 H, + Q&G ‘7'
It is the interaction term that makes life difficult. We can make a multipole expansion:
QeV=Q0eV® 4 gWeV® + B VA + ...

This leads to a hierarchy in energy scales (= perturbation theory will be convenient!) :

Tn® L+ Uy ® 1|1, + Uy, keV — MeV|nuclear energy levels
MeT, + 12U, + QO e VOIL, + U, + EW| eV (meV) |atomic energy levels
Ve VM 4+ @ VAIED + F pel hyperfine structure
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multipole expansion in quantum physics

In the multipole-expanded formal hamiltonian, we will treat all nuclear properties
as phenomenological parameters that are known (Z, I, Q, p, <r?>,...)

The electronic properties will be kept as operators, and will have to be solved for.

H,, @l + 1& Hr + Qul; "\(ii ' th ‘-(il 4
-
known the usual electron problem
(you solved the hydrogen atom this way)
~
~—
known

H

small correction

multipole expansion in quantum physics

Solution of the usual problem:
Eq ——<1.'f"' 1| |1 l.~,'"‘>

é’ this wave function can be considered as known

(found by ab initio calculations for atoms, molecules or solids)

Eue 7 Bo + <:_',"” 1!1’1.!1 a-:'”>

known known known known

energy corrections due to nuclear shape
are computable ! (first order perturbation)

multipole expansion in quantum physics
(charge-charge interaction)

The gravitational problem is fully equivalent to the quantum problem,
except for the need to use perturbation theory.

Translation for the charge-charge interaction:

<hltn>=<II>=1 = [wirur)d, = 2 [ o,

n

- ) I '
<te|Pe> =1 / Pr(re)e(r.) dr, e / pe(re)dr.
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multipole expansion in quantum physics
(charge-charge interaction)

multipole expansion of the hamiltonian :

2NZ = 1 " ;
H i (Z :”f, s Y™8,, ¢,)-Y"(0,. ¢, })
T

we assume here that electrons do not penetrate
into the nucleus

10
multipole expansion in quantum physics
(charge-charge interaction)

Ea = (3
H,
n ; ol nym !
Q) = eZ\| o (I|r{Y] (0n. éu) | nuclear multipole moments
\ 2n+1 (lousely computable in ab initio
nuclear physics theory — we take
it as a (experimentally) given object)
" eN 1 | 1 vn o\ ) _ )
l‘, — \ e <r; ﬁ}.f (O, @) |0 ) electric multipole fields
Vvdreg 2n 1 e / (reasonably well computable
in ab initio “electron” theory
[=atoms, molecules, solids])
1
multipole expansion in quantum physics
(charge-charge interaction)
eNZ e2NZ (72 ., »
Haf® 40, +1 40, f— (’—':}'*-U‘_H..W'*uﬁ“_““.)
Imeg r, e r}
Ho N
* odd terms vanish
« truncate after quadrupole term
- ) 0 : 0
Ew = Eo + (v 01| A |[10u®)
known known known known
known
12
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multipole expansion in quantum physics
(current-current interaction)

I
Vector potential due to a given current distribution: A(r) o [

r r

Energy for the interaction between Eo / Inlrs) - Ag(r,)dr,

o [ [Inlra)-ge(r.
Ho / /‘M.Ir,, dr,
iz J, J. Te =Ty

two current distributions :

Multipole expansion (different mathematics
due to vector quantities) :

» magnetic multipole fields
Even terms vanish — dipole term is the leading one :

dipole hamiltonian: — je; - B(0)

j(r) :
J_;u'r

* nuclear magnetic multipole moments

13
multipole expansion in quantum physics
(summary / overview)

We want to have the energy corrections due to H;, with and without overlap :
HxT,+Uu
H,

14
multipole expansion in quantum physics
(summary / overview)

Fi ‘monopole dipole quadrupole octupole
charge-charge | et [a] g ——— N
(no overlap) | steture % [b]
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/
Fig. 8.1. A schematic overview of all contributions to electric (charge-
charge) and magnetic (current-current) hyperfine fields, ordered ac-
cording to their multipole order, and split into shape-dependent and
size-dependent contribution. Contributions that do not exist are barred,
contributions that are too small to be relevant are indicated. When a
dashed line is present in a box, the contribution above the line does not
vanish for a point nucles, while the contribution below the line does.
Explaining this scheme is the task of chapters | to 7.
the letters in square brackets refer to the next page). 15
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multipole

expansion in quantum physics
) (summary / overview)

« multipole interaction
« first order multipole shift
« second order multipole shift

summary

apart from perturbation theory.

The quantum case is as the classical (gravitation) case,

We have a roadmap of the kind of interactions we have to study.
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