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recapitulation: perturbation theory

Assuming we know eigenvalues and eigenfunctions of a hamiltonian Hy:
H“ | ng > = E:j ng >

what are the eigenvalues and eigenfunctions of a hamiltonian H that has the form

H 11..-11[L~:;'113«...

where ¢ is a small number (<< 1) ?

(Note: H, can be zero).

2
Example 1: charged particle in an infinitely deep potential well
. K2 2
H = —— -~
B 2m da?
. a2, ) o N
Eon = a2 - (N =1,23,..)
2 Nra
Hz) = /2 sin 22
Wy n(x) \" o sin—
3
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(pictures taken from Wikipedia)

perturbation: constant electric field
electric field:  Fi(z) = K@,
potential energy: l"(.r) = 7r]]\'.r
perturbing operator: Hl — 7(][\";,
H=H+H
h? d? .
——— — gKkz
2m dzr? 1
f f hamiltoni 3 + 2gmE
orm of hamiltonian X —— 5 x
da? K2
small if the electric field is not too strong
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Solution up to first order in ¢ :
1) non-degenerate case

For eigenvalues that are non-degenerate (i.e. H, does not lift any degeneracy),
the new eigenvalues and eigenfunctions are given by:

AE}, =<ng| Hi|ne>
=) Ei=E" + eAE!}

|lN||>

R <myg| Hy|ng>
ng > E —_——

E0 _ EO
m#n n “m

= [n>=|ng> +€/n >
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recapitulation: perturbation theory
Application to example 1:

AE) = (Von|Hy |[Ton)
2qK 5 N7z
- /a? sin® (71—1 dr

Downward shift of all levels, independent of N.

Exercise: find the wave functions and probability density.
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Solution up to first order in ¢ :

2) I-fold degenerate case

For eigenvalues that are degenerate (i.e. H, does lift a degeneracy),
the new eigenvalues and eigenfunctions are found by this procedure:

=> orthonormalize
Find an orthonormal basis |7, > for the I-dimensional subspace

=> diagonalize
The | energy corrections are found as the | eigenvalues of this matrix:

<njleHy|nl> <nd|eHi|n2> --- <nb|eHy|nh>
<n|eHy|n)> <nd|eH | nZ> - <n?|eH|nf>
<nb|eHy|np> <nf|eH |n3> --- <nf|eH|nf>

The new eigenstates are the eigenvectors of this matrix.
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Example 2: free electron under an applied magnetic field

without field, up and down spin are degenerate: lI’] \T’J

Hy I
H, ji-B

(U] S Ty) (U] S.[) ] _ [3h 0
(W] S [Wy) (WS, |W,) 0 —3h

This is already diagonal.
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A derivation and more examples can be found at
http://en.wikipedia.org/wiki/Perturbation_theory_(quantum_mechanics)

(section 2.1, 2.2 and 5)
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