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gravitational analogue
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Fig. 2.1. Three situat

Gravitational potential energy of this system =
« gravitational potential energy of m, in the field of m;

or
« gravitational potential energy of m, in the field of m,

Epot = /m ry) Valry) dry
Ji

Potential field of m, at position r;: a)

Mmra)

Va(rm) = =G dirs I -

Ja |r2 =7
And hence :
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How to treat the double integral? < Laplace expansion
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Assumption: the mass distributions are such that any ry is smaller than any r,

N é Imagine an example where
this is not fulfilled...

b) ¢)

Condition: consider only cases for which any ry is smaller than any r,

Consequence: r,=r
ry=rz
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Discussion :

monopole term

monopole moment Q= m scalar
r | pelra)
monopole field Vi = =G [ Tia dry  scalar
monopole energy EQ =g vg dot product & scalar

7
Discussion :
dipole term
. 1_ [4T oY V1(0y. 1) dr
dipole moment @y =/ [ pi(ro) ¥y (O d)dr vector
dipole field vi=—¢ /%—. /‘)/1257_72"2)),;(9% i vector
i — dot product - scalar
dipole energy ELB _ Z Qrv! pl
g=—1,0,1
8
interpretation of the , V2 L—QL)
dipole moment of m;: 2
/,;,4-, ry sinf cos o dry
1
/,.“.v, - N
1 position vector of
0, /m (1) s dry center of mass of m;
1
Q /‘,.]‘rl 2y dry
i
interpretation of the
dipole field by m,:
opposite of the
gravitational field
by m; at the origin
9
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Discussion :

quadrupole term

) \7 _—
quadrupole moment )} V3 /m r)ri Yy (0, é1)dry tensor
Y N
quadrupole field Ve Y (6. &2)dry tensor
quadrupole energy %) dot product 2 scalar
-
10
quadrupole moment :
3 =1 3z 32 .
0 [ i) ';‘ ot r{,,_:w’,_- ,’,‘ il e « symmetric
b REER | i TR A g - trace-less (show)
dryzy BITES 1 ry
11

quadrupole field :

Traceless?
o OPVR(0)  PVR(0) | 9%VR(0) ,
AV5(0) = 02 E 92 = 47 G p2(0)
Poisson equation
12

« symmetric
« trace-less (show)

The meaning of this tensor is more
clear when deriving it using a
cartesian Taylor expansion:

-> (gravitational) field
gradient tensor
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Taylor expansion of a scalar function defined on a vector domain:

Consider a function

ric or gravitational potential in a point r

factor). That peint can be cither inside or outside
g (Fig. B-1***). If it li

zero and we have to car

the non-zero

the convergence of the integral. The latter is
g. We assume that we know the value of f

determined by the propertic

and of all its derivatives at sgin 0. What we want to know is the value

fir)

dot product between scalars, vectors, tensors.,...

*monopole and dipole terms from Taylor expansion are identical
to the Laplace expansion
-difference in the quadrupole term:

Jpi(ri)atdry [pi(r)zyydry [ py(ry)aizdey
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' 0 {rf}
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2,59 14
N 1 {323} - {ri} {(3a1m} {322}
Epot =5 (3na} {33} -{ri} (B}
{32111} {32m}  {3:f}
SAVa(0) AV;3(0) A
T 3
¥V () AV,(0
Oxy Dy, )
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Dx,0: By 0z, ] 3
1 {r{} o© 0 Av,(0 0 0
o {rf} o 0 au@ o 1
Lo o (7 0 =
3
monopole shift : L oo, yo = LAy o) o2
60:25: Ve’ = gal2 <’1>
47 Gy
= G //)1(7'1)rf dry
only if m, extends up to the origin!
(i.e. impossible if always ry < r, = this was a more general derivation) 15
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depending on the
size of m; and the
mass contribution of
m, at the origin

no overla monopole dipole quadrupole
P term term term
position vector
M mass of m; center of mass ggafﬁrupole moment
of my 1
. opposite of gradient of
m zﬂﬁ?:ﬁl by m. field by m, gravitional field
9 at origin by m; at origin
with overlap
correction
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