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gravitational analogue
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Gravitational potential energy of this system = ) .
How to treat the double integral? = Laplace expansion
* gravitational potential energy of m, in the field of m;
or 1 _ re 1
+ gravitational potential energy of m, in the field of m, [re — 71| =Dy o+ on 11 Y™ (01, 61)Y{'(02, 62)
£ n.gq >
Epor = /pur.]lf_n'ruth'\ r. min (ry, ra)
' rs = max (ry, r9)
Potential field of m, at position r; : a)
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Vari) = =G | . B = 4G [ [ pi(ripatrs (,\‘ g YO YO0 )
Ly -
And hence : /
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Epot = 4://%,/,-] dr ’ 2 )
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Condition: consider only cases for which any r; is smaller than any r;
Assumption: the mass distributions are such that any ry is smaller than any r,
Consequence: r,=r;
ry=ry
a) .
' Imagine an example where . / / it Y A ol 1 - ) i P
this is not fulfilled.. Epot = =47 G | | pr(ro)pa(ra) | 2 =37 5y Yo (01 0¥ (00, 6) | dry dry
b ¢ J neyrn
) ) Eoot Z QU
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Discussion : Discussion :
monopole term dipole term
A o
monopole moment Q4 =m scalar dipole moment Q= V3 /1f’1(’1) Y (01 e0)dre vector
. [ P2lre) . - .
monopole field vy =-c / ral dry  scalar dipole field vie-¢ /% /”_2<_722) Y} (02, 62) drs vector
. 2 - 2 7'.2
monopole energy EQ = Qbvp dot product  scalar dipole energy ED = 3 Qrv! dot product & scalar
ot
! q=-1,0,1 o
7 8
7 8
interpretationof the  ,  v2 ., : . .
dipole moment of my: e = 5 (@~ Q) Discussion :
V/"4|{p‘| ry sinfl cos o dry qundrupole term
/,m.-.,p],f.v‘ N quadrupole moment  ¢)? \ ol [,,,A.-,;.f};—';u, oy)dry  tensor
N position vector of > N
Qy / p(ry) yrdry center of mass of m; quadrupole field Vi Y (0. 0y)dr, tensor
J1
Q /,J, (r1) 21 dry quadrupole energy ES) dot product 2 scalar
J1
interpretation of the v/, e / f"“'f;’] T dry
dipole field by m,: 2 raf
V,=—¢ [ 20 g .
A A wary opposite of the
il gravitational field
V. @ = by m; at the origin
9 10
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quadrupole moment : quadrupole field :
Q@ i (r :‘:lcir ,,'; Z{;jj:'h.f ::,‘ iy dr -symme'rric Ve dry -symme'rric
Qun = [ mlm = 1 Vslu 1 ‘," ! - trace-less (show) el . * trace-less (show)
Ll B | i1 -1 . 1
The meaning of this tensor is more
clear when deriving it using a
. Vi s 2*vyl) o° cartesian Taylor expansion:
N /[ N\ LA i T
)\ [o===2\ => (gravitational) field
: /} gradient tensor
\ /
A Traceless?
9V, (0 V(0 PV, (0
AVy(0) = 012; ) 0 d;g ) 4+ J’,() ) _ 47 G pa(0)
Fig. 2.2. A spherical, prolate and oblate mass distribution (with respect ’ i
to the z-aris) Poisson equation
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*monopole and dipole terms from Taylor expansion are identical
. . . . to the Laplace expansion
Taylor expansion of a scalar function defined on a vector domain: -difference in the quadrupole term:
Consider a function
flr [L.;,, B.1) N 1 f;)l(rl).r% dry f{'1(7'1)-l'1}/1 dry f/)l('l'])«l"l/:l dry
A ED = 5 | Lerryzidry [pi(routdee [ pi(r)zde
The integral runs over that part of space where g(r.) is not zero, which might - fﬂl(rl):m'l dry fpl(m),:lyl dry f/)l(m):f dry
be a finite If gis the
electric or gravitational potential in a point r (apart from an appropriate
factor). That point can be either inside or outside the n
g (Fig. B-1"**). If it lics inside, the ot in the
and we have he integral. The latte
mined by the | e that we know the value of f {321 )
and of all its derivatives at the origin 0. What we want to know is the valuc K@ 1 ) - {3}
of f at points r = (r, y, =) tha way from 0. This means we need 3 (B2}
a Taylor expansion of f(r) al form of a Taylor expansion L
wound 0 for a function with vectors as argument, is:
fo+r =Y '. r-Vo) fir J B2 3y
e U] im0 >
we
dot product between scalars, vectors, tensors,...
A0
13 59 14
{2y — o (3 ) {30121) no overlap monopole dipole quadrupole
1 - P, el P - term term term
6 {3uyr1 } {347} - i} {321}
' {32101} {321} {32
Pra0) _ L‘_ﬂ position vector uadrupole moment
! m mass of m; center of mass g . P
8 V,(0) 2V, (0) AV, (0) 8V, (0) of my 1
0z10m T 3 210w
: , . opposite of gradient of
et d Aa{0) m, E:‘r;r:‘r::l by me field by m, gravitional field
9 at origin by m; at origin
| {ri} o o 0 0
ooty o ava0) g with overlap
0 0 {"T} 0 0 J\}m
correction
. ) depending on the
monopole shift : E“Q(Sg' L VO = 54V2(0) G size of m; and the
a mass contribution of
47 G, . L.
= / p1(r1) 72 dry m, at the origin
only if m, extends up to the origin !
(i.e. impossible if always ry < r, = this was a more general derivation) 15 16
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